Abstract We propose two finite elements to approximate a boundary value problem arising from strain gradient elasticity, which is a high order perturbation of the linearized elastic system. Our elements are H 2 −nonconforming while H 1 −conforming. We show both elements converge in the energy norm uniformly with respect to the perturbation parameter.
Introduction
Strain gradient theory, which introduces the high order strain and microscopic parameter into the strain energy density, is one of the most successful approach to characterize the strong size effect of the heterogeneous materials [20] . The origin of this theory can be traced back to Cosserat brothers' celebrated work [13] . Further development is related to Mindlin's work on microstructure in linear elasticity [23, 24] . However, Mindlin's theory is less attractive in practice because it contains too many parameters. Based on Mindlin's work, Aifantis at al [3, 28] proposed a linear strain gradient elastic model with only one microscopic parameter. This simplified strain gradient theory successfully eliminated the strain singularity of the brittle crack tip field [14] .
The strain gradient elastic model of Aifantis' is a perturbed elliptic system of fourth order from the view point of mathematics. To discrtize this model by a finite element method, a natural choice is C 1 finite elements such as Argyris triangle [5] and Bell's triangle [7] because this model contains the gradient of strain. We refer to [32, 33, 27, 2] for works in this direction. Alternative approach such as mixed finite element has been employed to solve this model [4] . A drawback of both the conforming finite element method and mixed finite element method is that the number of the degrees of freedom is extremely large and high order polynomial has to be used in the basis function, which is more pronounced for three dimensional problems; See e.g., the finite element for three-dimensional strain gradient model proposed in [27] contains 192 degrees of freedom for the local finite element space.
A common approach to avoid such difficult is to use the nonconforming finite element. For scalar version of such problem, there are a lot of work since the original contribution [26] , and we refer to [10, 16, 30] and the references therein for recent progress. The situation is different for the strain gradient elastic model. The well-posedness of the corresponding boundary value problem hinges on a Korn-like inequality, which will be dubbed as H 2 -Korn's inequality. Therefore, a discrete H 2 -Korn's inequality has to be satisfied for any reasonable nonconforming finite element approximation. We prove a H 2 -Korn's inequality for piecewise vector fields as Brenner's seminal H 1 Korn's inequality [9] . Motivated by this discrete Korn's inequality, we propose two nonconforming H 2 −finite elements, which are H 1 -conforming. Both elements satisfy the discrete H 2 -Korn's inequality. We prove that both elements converge in energy norm uniformly with respect to the small perturbation parameter. Numerical results also confirm the theoretic results.
It is worth mentioning that Soh and Chen [29] constructed several noncomforming finite elements for this strain gradient elastic model. Some of them exhibited excellent numerical performance. Their motivation is the so-called C 0−1 patch test, which is obviously different from ours. It is unclear whether their elements are robust with respect to the small perturbation parameter, which may be an interesting topic for further study. As to various numerical methods based on reformulations of the strain gradient elastic model, we refer to [6, 31] and the references therein.
The remaining part of the paper is organized as follows. In the next part, we introduce the linear strain gradient elasticity and prove the well-posedness of its Dirichlet boundary value problem by establishing a H 2 -Korn inequality. A discrete H 2 -Korn inequality is proved in Section 3, and two finite elements are constructed and analyzed in this part. The numerical results can be found in Section 4.
Throughout this paper, the generic constant C may differ at different occurrences, while it is independent of the microscopic parameter ι and the mesh size h.
The Korn's inequality of strain gradient elasticity
The space L 2 (Ω) of the square-integrable functions defined on a bounded polygon Ω is equipped with the inner product (·, ·) and the norm · L 2 (Ω) . Let H m (Ω) be the standard Sobolev space [1] and
where α = (α 1 , α 2 ) is a multi-index whose components α i are nonnegative integers, |α| = α 1 + α 2 and
We may drop Ω in the Sobolev norm · H m (Ω) when there is no confusion may occur. The space
where ∂ n v is the normal derivative of v. Equally, ∂ t v denotes the tangential derivative of v. The summation convention is used for repeated indices.
A comma followed by a subscript, say i, denotes partial differentiation with respect to the spatial variables x i , i.e., v ,i = ∂v/∂x i . For any vector-valued function v, its gradient is a matrix-valued function with components (∇v) ij = ∂v i /∂x j . The symmetric part of a gradient field is also a matrix-valued function defined by
The anti-symmetric part of a gradient field is defined as ∇ a v = ∇v − ǫ(v). The divergence operator applying to a vector field is defined as the trace of ∇v, i.e.,
2 of a vector field can be defined in a similar manner as their scalar counterparts, this rule equally applies to their inner products and their norms. For the m-th order tensors A and B, we define the inner product as
Strain gradient elastic model and H
2 −Korn inequality
The strain gradient elastic model in [3, 28, 14] is described by the following boundary value problem: For u the displacement vector that solves
Here λ and µ are the Lamé constants, and ι is the microscopic parameter such that 0 < ι ≤ 1. In particular, we are interested in the regime when ι is close to zero. The above boundary value problem may be rewritten into the following variational problem:
where
and the fourth-order tensors C and the sixth-order tensor D are defined by
respectively. Here δ ij is the Kronecker delta function. The third-order tensor ∇ǫ(v) is defined as (∇ǫ(v)) ijk = ǫ jk,i . We only consider the clamped boundary condition in this paper, the discussion on other boundary conditions can be found in [3, 28, 14] . The variational problem (2) is well-posed if and only if the bilinear form
, there holds
where C(Ω) denpends only on µ and the constant C p in the following Poincaré inequality,
The proof of this theorem essentially depends on the first Korn's inequality [18, 19] .
The proof of this inequality follows from the following identity
with the usual notation
Indeed, by the fact v = 0 on ∂Ω, the above identity and divergence theorem implyˆΩ
which implies the first Korn's inequality (4) by using the algebraic identity
Proof of Theorem 1 By definition, we write
The upper bound in (3) immediately follows by noting
2 for i = 1, 2, we apply the first Korn's inequality (4) to the vector field ∂ i v and obtain
Using the fact that the strain operator ǫ and the partial gradient operator ∂ i commute, we rewrite the above inequality as
Therefore,
H 2 , which together with the Poincaré inequality leads to the lower bound in (3).
⊓ ⊔
Proceeding along the same line in [26, §5] , we may prove the following regularity results for the solution of Problem (2).
Lemma 1 There exists C that may depend on
3 The nonconforming finite elements
In this part, we introduce two nonconforming finite elements to approximate the variational problem (2) . Let T h be a triangulation of Ω with maximum mesh size h. We assume all elements in T h is shape-regular in the sense of Ciarlet and Raviart [11] . Denote the set of all the edges in
which is equipped with the broken norm
established a discrete Korn inequality for any piecewise H 1 vector fields with weak linear continuity across the common surface between two adjacent elements, i.e., for
There exists a constant C depends on Ω and T h but independent of h such that
Here [P 1 (e)] d is the linear vector field over e and [[v] ] denotes the jump of v across e with e an edge for d = 2 and a face for d = 3. This inequality is fundamental to the well-posedness of the discrete problems arising from nonconforming finite element and discontinuous Galerkin method approximation of the linearized elasticity model and Reissner-Mindlin plate model; See [15] , [25] and [17] .
Mardal and Winther [21] improved the above inequality by replacing
where t is the tangential vector of edge e, and RM(e) is the infinitesimal rigid motion on e. In fact, they have proved
d is the L 2 projection. Our result is an H 2 analog of the discrete Korn's inequality (9) .
, there exits C that depends on Ω and T h but independent of h such that
The proof follows essentially the same line that leads to Theorem 1.
Applying the discrete Korn's inequality (9) to each ∂ i v, we obtain
Invoking (9) once again, we get (10). ⊓ ⊔ Motivated by the discrete Korn's inequality (10), we construct two new finite elements that are H 1 −conforming but H 2 −nonconforming elements. For such elements, the continuity of the tangential derivatives are automatically satisfied, and we only need to deal with the weak continuity of the normal derivative. The finite element space is defined as
We shall specify two local finite element spaces W (T ) in the next two parts.
where the bilinear form a h is defined for any v, w ∈ V h as
where the second term is defined in a piecewise manner as
The first nonconforming element
where P 2 (T ) is the quadratic Lagrange element, and b = λ 1 λ 2 λ 3 is the cubic bubble function, and P *
Next lemma gives the degrees of freedom of this element, which is graphically shown in Figure 1 , and we prove that the degrees of freedom is W (T )−unisolvent. 
Lemma 2 The dimension of W (T ) is 21. Any w ∈ W (T ) is uniquely determined by the following degrees of freedom:
1. The values of w at the corners and edge midpoints; 2. The moments´e ∂ n (w · t) dτ and´e ∂ n (w · n)τ k dτ for k = 0, 1 and for all e ∈ ∂T .
It suffices to show that a function w ∈ W (T ) vanishes if all the degrees of freedom are zeros. Note that w| e ∈ [P 2 (e)] 2 , with three roots on edge e, then we must have w| ∂T = 0. Therefore, we may write w = bp with p ∈ P * 2 (T ). Let e be a fixed edge of T , and denote b = λ e λ + λ − with λ e the barycentric coordinate functions such that λ e ≡ 0 on e, while λ + and λ − the remaining two barycentric coordinate functions. Furthermore, (∇w)| e = (pλ + λ − )| e ∇λ e . Note that λ + λ − ∂ n λ e is strictly negative in the interior of e. Therefore, the condition
implies that for any e ∈ ∂T and k = 0, 1,
Proceeding along the same line, we obtain, for any e ∈ ∂T ,
Furthermore, using the fact that p · n ∈ P 1 (e) and (13), we conclude that p · n ≡ 0 over ∂T .
Assume that
where α = (α 1 , α 2 , α 3 ) whose components α i are nonnegative integers and |α| = α 1 + α 2 + α 3 . Using (p · n i )| ei ≡ 0, we obtain, for j = 1, 2, 3,
This means that, for each α with one component equals to 2, the vector (a α , b α ) is orthogonal to the normal directions of two different edges, which immediately implies that such vector (a α , b α ) must be zero. Next, using the fact that´e i (p · t) dτ ≡ 0, we obtain, for j = 1, 2, 3,
Invoking (15) once again, we conclude that, for each α with only one zero component, (a α , b α ) is orthogonal to both the normal direction and the tangential direction of the edge indexed with the zero component of α, which must vanish identically. Therefore, all a α and b α are zeros, and hence p ≡ 0, equivalently, w ≡ 0. This completes the proof. ⊓ ⊔ Using the degrees of freedom given in Lemma 2, we may define a local interpolation operator Π T :
The next lemma shows that this operator locally preserves quadratics.
Proof Let T, W (T ), Σ(T ) be the finite element triple with Σ(T ) the degrees of freedom. By construction, Σ(T ) takes the form as
9 }, where {d
are the nodal type degrees of freedom, and {d 
We claim
Note that d
are the basis functions of W (T ) associated with the degrees of freedom {d
This verifies the claim (17) .
Next, we prove the interpolation operator is locally P 2 invariant. For any
2 , we have the representation
By definition,
where we have used the identity
This completes the proof. ⊓ ⊔
The above proof actually provides a constructive way to derive the basis function of this element.
The second nonconforming element
The second element is almost the same with the first one except that P * 2 is replaced by
2 | ∇ · w ∈ P 0 (T ), w · n| e ∈ P 1 (e) for all e ∈ ∂T }.
Hence,
Here P * 3 (T ) has appeared in [22] to solve Darcy-Stokes flow. The following lemma gives the degrees of freedom of this element, and we prove it is W (T )−unisolvent.
Lemma 4 The dimension of W (T ) is 21. Any w ∈ W (T ) is uniquely determined by the following degrees of freedom:
The proof of this result is slightly different from the direct proof of Lemma 2.
Proof Proceeding along the same line that leads to (13) and (14), we obtain that for all e ∈ ∂T ,
Using the fact that (p · n)| ∂T ∈ P 1 and the first identity of (19), we conclude that (p · n)| ∂T ≡ 0, which immediately implieŝ
Since ∇ · p ∈ P 0 (T ), this implies that p is divergence free. Then there exists a polynomial φ ∈ P 4 (T ) such that p = curlφ. Furthermore, since
which implies that φ is constant along the edge of T . Without loss of generality, we assume that φ| ∂T ≡ 0. Hence, φ is of the form φ = b ϕ with ϕ ∈ P 1 (T ). By the second identity of (19), we obtain e ∂ n φ dτ =ˆe p · t dτ = 0.
Note that ∂ n φ| e = λ + λ − ∂ n λ e ϕ| e and the fact that λ + λ − ∂ n λ e is strictly negative in the interior of the edge e, we conclude that ϕ has a root at each edge, which together with the fact that ϕ ∈ P 1 (T ) yields ϕ ≡ 0, or equivalently w = 0. This completes the proof. ⊓ ⊔ Proceeding along the same line that leads to (16), we conclude that this nonconforming element also locally preserves quadratics.
Remark 1 Both elements are endowed with the same degrees of freedom. The structure of the local finite element spaces for both element are similar. In fact, the bubble functions can be removed by standard static condensation procedure. Therefore, the resulting method has only 12 degrees of freedom on each element.
For any function v ∈ V h , we obtain a simplified version of the discrete Korn's inequality (10) without all the jump terms, which may be regarded as a H 2 − analog of the discrete Korn's inequality (8).
Lemma 5 There exists C depends on Ω and T h , but independent of h such that
Proof For any function v ∈ V h , we claim that the jump terms in the righthand side of (10) 
It remains to verify that for all e ∈ S(Ω, T h ) and i = 1, 2,
We write 
For any e ∈ S(Ω, T h ), it is clear that RM(e) = P 0 (e). For any w ∈ [P 1,− (e)]
2 , there holds w = w n n + w t t, w n ∈ P 1 (e), w t ∈ P 0 (e).
Hence, [[Π e (∂ n v)]] = 0, if and only if
This is true for any v ∈ W (T ) and we prove the claim (21) . For any v ∈ V h , it follows from (10) that
The inequality (20) follows by using the Poincaré's inequality and the first Korn's inequality (4):
⊓ ⊔
We are ready to prove the coercivity of the bilinear form a h over V h .
Theorem 3 For any ι < 1/ √ 2, there exists C that depends on the domain Ω and the shape regularity of the triangulation T h such that
Proof For any v ∈ V h , using (20), we obtain, there exists C that is independent of h such that
which implies (22), where we have used
in the last step. ⊓ ⊔
The following interpolate estimate is a direct consequence of the quadratics invariance of the local finite element spaces W (T ); The proof is standard, and we refer to [12] for the details.
Lemma 6 There exists C independent of h such that for all
A global interpolation operator I h :
Convergence analysis
We are ready to prove the main result of this paper.
Theorem 4 Assume that the weak solution of u of the problem
Let u h be the solution of (11) . Then there exists C independent of ι and h such that
where |||v|||
Proof By the the theorem of Berger, Scott, and Strang [8] , we have
By the interpolate estimate (23), we obtain
Next, we focus on the estimate of the consistency error. We write κ ijk = (∇ǫ(u)) ijk = ∂ xi ǫ jk (u). The stress and couple stress are defined by σ = Cǫ(u) and τ = D∇ǫ(u), respectively. Or
By the symmetry of the tensors C and D, there holds σ ij = σ ji and τ ijk = τ ikj .
By the chain rule and the symmetry of C and D, we obtain, on each element T and for any w ∈ V h ,
Using the above representation and integration by parts, we obtain
Using the fact w k,j = n j ∂ n w k + t j ∂ t w k and
where we have used the fact that the contour integration of tangential derivative along the element boundary is zero. By (27) , (28) and the continuity of w, we obtain
Employing the standard trace inequality and scaling argument, we obtain
Substituting the above estimate and (26) into (25), we obtain (24) . ⊓ ⊔ Combining the error estimate (24) and the regularity results in Lemma 1, proceeding along the same line of [26, Theorem 5 .2], we could obtain the following ι−independent error estimate
where C is independent of ι and h. We leave the details to the interested readers.
Numerical example
In this section we provide two numerical examples that show the accuracy of the proposed elements, and the robustness of the elements with respect to the microscaopic parameter ι. The first example is performed on the uniform mesh, while the second one is performed on the nonuniform mesh. As a first step toward understanding the size effect of the heterogeneous materials, we test the proposed elements for a benchmark problem with smooth solution. Tests for realistic problems will appear in the forthcoming work.
Let Ω = (0, 1) 2 and u 1 = (exp(cos 2πx) − e)(exp(cos 2πy) − e), u 2 = (cos 2πx − 1)(cos 4πy − 1).
The force f is obtained by (1) . First, the triangulation of the unit square for the uniform mesh is illustrated in Figure 2 a . In Table 1 and Table 2 , we report the convergence rates for both elements in the energy norm |||u − u h ||| ι,h /|||u||| ι,h for different values of ι and h with λ = µ = 1. We observe that the convergence rate appears to be linear when ι is large, while it turns out to be quadratic when ι is close to zero, which is consistent with the theoretical prediction in the estimate (24) .
Next, we test both elements over a nonuniform mesh. The initial mesh is generated by the function "initmesh" of the partial differential equation toolbox of MATLAB. The initial mesh consists of 872 triangles and 469 vertices, and the maximum mesh size is h = 1/16; See Figure 2 b . In Tables 3, 4 , 5 and 6, we report the convergence rate of both elements in the energy norm when λ = µ = 1 and λ = 10, µ = 1. It seems the convergence rate is the same with that over the uniform mesh. The first element is slightly more accurate than the second one, in particular over the nonuniform mesh. Table 2 The convergence rate of the second element over uniform mesh with λ = µ = 1. 
Conclusion
We prove a Korn-like inequality and its discrete analog for the strain gradient elastic problem, which is crucial for the well-posedness of the underlying variational problems as the Korn's inequality for the linearized elasticity. Guided by the discrete Korn's inequality, we constructed two nonconforming elements that converge uniformly in the microscopic parameter with optimal convergence rate. Numerical experiments validate the theoretical results. The extension of the elements to three dimensional problem and to high order would be very interesting and challenging. Applications of these elements to realistic problem in strain gradient plasticity is another topic deserves further pursuit. We leave all these issues in a forthcoming work. Table 4 The convergence rate of the first element over nonuniform mesh with λ = 10 and µ = 1. Table 5 The convergence rate of the second element over nonuniform mesh with λ = µ = 1. 
